We investigate the usefulness of the topology optimization with the finite element method in the optimization of an H-plane waveguide component. Design sensitivity is computed efficiently using the adjoint variable method. Employing the optimization procedure, optimized structures of an H-plane waveguide filter and T-junction are obtained from an initial homogeneous structure. key words: topology optimization, adjoint variable method, finite element method, H-plane waveguide component
Introduction
Microwave devices have been developed with the advance of information technology. Structures of microwave devices are usually designed based on the improvement of conventional devices or on heuristic idea. Recently, the design of microwave devices based on optimization methods has also been reported, which is enabled by the advent of low-cost and high-powered computers. In H-plane waveguide components, a T-junction [1] - [3] , a mode transformer [4] , a filter [5] , and a directional coupler [6] have been designed using sizing and shape optimization methods. An optimal shape design of a waveguide-to-microstrip transition [7] and a waveguide transformer [8] has also been reported using the finite element method (FEM). A waveguide filter has been designed using the genetic algorithm [9] .
In the field of structure analysis, in addition to sizing and shape optimization, topology optimization [10] has been advanced, and recently it is applied to some optimization problems in the field of electromagnetic wave. In sizing and shape optimization, the location and shape of blocks of material in a design region are designed to maximize or minimize a specific objective function, while topology in a design region, such as the number and connectivity of blocks of material, remains fixed. Topology optimization involves the determination of features in a design region, such as the location, shape, number and connectivity of blocks of material, so that we could expect to obtain a novel configuration using topology optimization. In a patch antenna, the design of a dielectric substrate [11] has been reported. In photonic crystal waveguides, the optimization of a bend [12] - [16] and the improvement of radiation characteristic into free space [17] have been investigated. Also, the design of a two-dimensional periodic structure [18] and 90-degree bend of a optical waveguide [19] have been reported. In this paper, we apply topology optimization with the FEM to the optimization of an H-plane waveguide component, which has not reported to our best knowledge. Here, design sensitivity is computed efficiently using the adjoint variable method (AVM). The conventional AVM requires the derivatives of a system matrix, which appears in a final matrix equation of an analysis method, with respect to the design variables, while recently new formulations of the AVM have also been proposed for the timedomain transmission-line modeling (TLM) [20] and the finite-difference time-domain (FDTD) method [21] . It is reasonable to select the FEM as an analysis method for electromagnetic problems in topology optimization, because the derivatives of a system matrix are calculated analytically and the implementation of topology optimization with the conventional AVM into finite-element formulation is straightforward. To investigate the usefulness of the optimization method, we design an H-plane waveguide filter and T-junction, and demonstrate that optimized structures are obtained from an initial homogeneous structure.
Finite Element Analysis of H-Plane Waveguide Discontinuity Problem
We consider an H-plane waveguide discontinuity problem, as shown in Fig. 1 , where boundary Γ 0 represents an electric wall and Γ n (n = 1, 2, · · · , N) is the boundary between discontinuity region Ω and waveguide n. Here, we assume the field has no variation in the z direction, and let φ = E z (E z being the z component of the electric field). Dividing region Ω into a number of triangular quadratic elements shown in Fig. 2 and applying the FEM, we obtain a final matrix equation as follows:
After solving (1), we can compute the S parameter in waveguide n for the incidence of a propagating mode with unit amplitude from waveguide 1 as follows:
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where δ n1 represents the Kronecker delta, {g n } is a known vector related to a propagating mode in waveguide n, {φ n } is a vector which has the values of φ on boundary Γ n , and superscript T denotes a transpose.
Topology Optimization

Expression of Material Distribution
Topology optimization determines material distribution in a design region through the optimization procedure. Here, to find the distribution of dielectric with relative permittivity ε rd in air, we employ the following expression of the solidisotropic-material-with-penalization (SIMP) model [10] for the material distribution in a design region:
where ρ is the design function called "density." Also, p is a factor, usually greater than two, to give some penalty when ε r in (3) has an intermediate value between ε rd and unity. We assume the density is constant in a triangular element so that it is very easy to implement the topology optimization into the FEM. In this case, the relative permittivity of the i-th triangular element is given as follows:
where ρ i means the value of the density in the element.
Optimization Problem
Let C be an objective function, which is minimized or maximized in an optimization problem. We employ the sequential linear programming technique [11] to optimize the density ρ i . When {ρ} = {ρ (k) } ({ρ} being a vector with the values of ρ i 's) at the k-th optimization, we linearize the objective function C with the first-order terms of the Taylor's series as follows:
where C (k) represents the value of C at {ρ} = {ρ (k)
Estimation of Sensitivity
To optimize the density in the linear programming technique, we should find the derivative of the objective function with respect to the density of a triangular element, ∂C (k) /∂ρ i , which is called "sensitivity." Since a design region is composed of a large number of triangular elements, it is very time-consuming to compute each of the derivatives with a difference approximation technique. To avoid it, we use the AVM [10] , [11] , [18] . Since an objective function may be expressed as a function of S parameters, such as C = |S 21 | 2 , in most cases of the optimization for a waveguide problem, we assume from Eq. (2) that C is an explicit function of {φ}. Then, using Eq. (1), the sensitivity is calculated as follows:
where ∂{Q}/∂ε ri = 0 is employed because {Q} is a vector related only to the incident wave and independent to the permittivity in the design region. Also, {Φ} satisfies the following equation:
where the components of vector {∂C/∂φ} are calculated easily using Eq. (2) when C is a function of S parameters. We notice that an additional cost in the computation of the sensitivity in the AVM is only to solve Eq. (8), because Eq. (7) is computed very quickly if {Φ} is obtained.
Numerical Examples
Waveguide Filter
We consider an H-plane waveguide component of width a = 22.9 mm, as shown in Fig. 3 , where the TE 10 mode incidence from boundary Γ 1 is assumed. Here we determine an optimal distribution of dielectric with relative permittivity ε rd = 2 in a design region of length 4a so as to minimize the transmitted power at 10 GHz. In this case, the objective function is given as follows:
We set p = 3 in Eq. (4), and the value of the initial density in the design region is ρ i = 0.5 (ε ri = 1.125). Figure 4 shows the transmitted power against the number of the iteration in topology optimization, and Fig. 5 shows the material distribution after 100 optimizations. We notice that a one-dimensional filter is made up automatically by a one-dimensional periodic structure. Figure 6 represents a simplified structure for the optimized material distribution, where the shape of dielectric is drawn in straight lines. The frequency characteristic for the simplified structure is shown in Fig. 7 . We find that the simplified structure realizes a filter which has the transmitted power of less than −20 dB near 9.5 GHz.
Optimization of T-Junction
Next, we consider an H-plane T-junction of width a = 22.9 mm, as shown in Fig. 8 , where the TE 10 mode incidence from boundary Γ 1 is assumed. Here we determine an optimal distribution of dielectric with relative permittivity ε rd = 2 in a design region of the a × a junction so as to minimize the reflected power |S 11 | 2 and divide the transmitted power into waveguides 2 and 3 with the power ratio 2 : 1 at 9, 10, and 11 GHz. In this case, the objective function is given as follows:
at f m = 9, 10, 11 GHz
We set p = 3 in Eq. (4), and the value of the initial density in the design region is ρ i = 0.5 (ε ri = 1.125). Figure 9 shows the reflected power, |S 11 | 2 , and the transmitted power, |S 21 | 2 and |S 31 | 2 , against the number of the iteration of topology optimization, and Fig. 10 shows the material distribution after 100 optimizations. Figure 11 represents a simplified structure for the optimized material distribution, where the shape of dielectric is drawn in straight lines and circular arcs. The frequency characteristic for the simplified structure is shown in Fig. 12 . We observe that the transmitted power is divided into waveguides 2 and 3 with the power ratio of about 2 : 1 at 10 GHz, but not at 9 and 11 GHz due to large reflected power of about 10%.
In Fig. 10 , we notice that the dielectrics of the left and right sides might be terminated due to the end of the design region. To get better frequency characteristic using topology optimization, we add a region of length a/2 in waveguides 1, 2, and 3 to the design region of Fig. 8 . Figure 13 shows the reflected and transmitted power against the number of the iteration of topology optimization. We find in this figure that the transmitted power ratio into waveguides 2 and 3 of about 2 : 1 is realized and the reflected power is less than −25 dB at 9, 10, and 11 GHz after 80 iterations. Figure 14 shows the material distribution after 100 optimizations. However, it is somewhat difficult to determine the distribution of dielectric for an optimized T-junction from Fig. 14, because material with the relative permittivity of an intermediate value between air and dielectric appears in large area. We also performed the optimization for p = 4 in Eq. (4), which gives more penalty when relative permittivity has an intermediate value between those of dielectric and air, but almost the same material distribution as in Fig. 14 was obtained. To determine the distribution of dielectric, we employ a simple approach that, if the relative permittivity of a triangular element after the optimization, ε ri , is larger than 1.5, we assign the material of the triangular element to dielectric of ε ri = 2, otherwise to air of ε ri = 1, and then we draw the shape of dielectric in straight lines and circular arcs. Figure 15 rep- resents a simplified structure for the optimized material distribution, and the frequency characteristic for the structure is shown in Fig. 16 . We observe that the transmitted powers in waveguides 2 and 3 are approximately constant between 9 and 11 GHz and the power ratio of them is about 1.8 : 1 at 10 GHz, while the reflected power is less than −18.5 dB.
The H-plane T-junction with the enlarged design region was divided into 8565 quadratic triangular elements, and the number of the unknowns in Eq. (1) was 17005. The computational time in a PC with Pentium 4 of 3.2 GHz and 2 GB memory was about 32 minutes for 100 optimizations in the T-junction.
Conclusion
We analyzed H-plane waveguide discontinuity problems by using the FEM, and employed topology optimization to find the optimal distribution of dielectric in the waveguide. Here the sensitivity was computed efficiently using the AVM. We illustrated through some numerical examples that an optimized structure is obtained from an initial homogeneous structure using the optimization method based on the FEM and topology optimization.
We intend to extend the optimization method to treat optimization problems of a three-dimensional electromagnetic waveguide.
